We have obtained the most general solution of the Einstein vacuum equation for the axially symmetric stationary metric in which both the Hamilton-Jacobi equation for particle motion and the Klein -Gordon equation are separable. It has four parameters of which the two are familiar mass and rotation while the other two are new and dimensionless. In the absence of the rotation parameter, the solution reduces to the Schwarzschild solution with a deficit angle. This and the other considerations strongly suggest that it may describe a rotating black hole with a cosmic string. This is a new prediction of Einstein's theory which is at the same footing as the prediction of a rotating black hole.
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It is well-known that the Kerr solution is the unique two parameter solution of the Einstein vacuum equation for asymptotically flat axially symmetric stationary spacetime admitting regular smooth horizon. The two parameters represent mass and angular momentum of a rotating black hole. This is by far the most interesting black hole solution of the Einstein equation with important applications in high energy astrophysics. The vacuum black hole could thus be specified by only two parameters. This fact is expressed in the relativistic literature by the famous statement that black hole has no hair.
It is however worth enquiring, what happens if we drop asymptotic flatness? There do exist black hole spacetimes which are not asymptotically flat. There are examples of the NUT and the Kerr -NUT solutions [1, 2] , black holes sitting in uniform magnetic field [3] and in cosmological models [4] , and the black holes in the deSitter universe. That is, dropping of the asymptotic flatness condition is not entirely unphysical and unknown. It is therefore a pertinent question to seek the most general solution without the assumption of asymptotic flatness. Among the examples cited above, the NUT and the Kerr -NUT are the vacuum solutions. The NUT solution does however present a rather unfamiliar situation. It can be interpreted as describing the field of a gravomagnetic monopole charge [2, 5] . It is however an interesting and novel solution.
The vacuum solutions are always interesting and more so the axially symmetric ones. A stationary vacuum spacetime is expected to be asymptotically flat representing a localized source. In spherical symmetry, there cannot exist asymptotically non-flat vacuum solution [6] . On the other hand, axial symmetry however does not prohibit their occurrence. Do there exist such solutions other than the Kerr -NUT solution [2] ? We shall in fact obtain the most general solution in a particular framework which is motivated by the solvability of basic physics equations. Our physical motivation is that the geodesic equations and the Klein -Gordon equation must be solvable in the spacetime metric which we seek as a solution of the Einstein equation. That is, these equations must be separable. We would hence like to impose on the metric a priori this constraint of separability [7] .
One of us had developed a method [7] of implementing this requirement on the axially symmetric metric. It would determine to some extent the form of the metric as well as the nature of certain metric functions. This would automatically ensure separability of the Hamilton -Jacobi equation and the Klein -Gordon equation. The former means the integrability of the geodesic equations and the latter implies that the horizon would be given by a coordinate surface. We wish to employ this method to find the most general vacuum solution for the axially symmetric stationary spacetime. Since the spacetime is stationary and axially symmetric and hence it would admit the usual two Killing vectors, one timelike indicating the conservation of energy and the other spacelike indicating the conservation of angular momentum. The metric would then take the form [7] ,
where
and U = U(r), V = V (S). Here S is an angle coordinate and a is a constant having dimension of distance. Now the most general vacuum solution is given by
where M is a constant of dimension of distance while N and k are dimensionless constants. We define the coordinate θ by integrating for the angle variable S in the metric (1) and obtain
When N = 0, k = 1, it is the familiar Kerr solution with the parameters M and a having the usual meaning of mass and specific angular momentum of the black hole. The new parameters N, k are dimensionless. When a = 0, it reduces to the Schwarzschild solution with the deficit angle;i.e. √ k + N 2 ϕ in place of ϕ. The angle deficit is the characteristic of the topological defect, the cosmic string which causes a conical singularity [8] . This suggests that the dimensionless new parameters are indicative of topological defect. In the case of the deficit angle, the Riemann curvature vanishes everywhere except at the vertex of the cone defined by the deficit angle. When M = N = 0 or M = a = 0, it is the Minkowski space with the angle deficit, the pure cosmic string [8] . The new parameters k, N contribute to the Riemann curvature components only in presence of the parameter a, else they could only produce deficit angle. This brings out the intimate relation between them and the parameter a. The former would always have to ride on the latter and couldn't live without it.
Interestingly we also have a non-flat vacuum space even when M = 0, k = 1. It is most remarkable that a could, in absence of the mass parameter, combine with the parameter N to generate curvature for a vacuum spacetime. In that case, the spacetime could in a sense be considered "dual" to the Kerr solution. From eqn. (2) , note that it is the Kerr solution for
where M is removed from the radial function and a dimensionless parameter N is introduced in the angle function. Further under the dual transformation M → −aN, r ↔ aS, the Riemann curvature of the Kerr metric goes over to that of the metric (1) with M = 0, k = 1. This dual solution has been considered separately [9] .
Before we go any further, we must establish that the solution described above is new and not a transform of a known solution, like for instance of the Kerr -NUT solution [2] . In this regard, let us note the following points: (a) Our solution has four parameters of which two are dimensionless. There is no known vacuum solution with four free parameters. (b) Neither do there exist solutions with dimensionless parameters which contribute non-trivially to the spacetime curvature. (c) In the limit of a = 0, the dimensionless parameters could only introduce the deficit angle in the spacetime. (d) In the asymptotic limit of r → ∞ and if we further take a → ∞, N → 0, then it would agree with the NUT solution for Na = l = 0, the NUT parameter. Note that the two solutions would agree only asymptotically and that too for the particular prescription Na = l, N = 0. (e) When N = 0, the solution asymptotically reduces to the one of the spinning string [10] . (f) In no case the solution could have three dimensionful parameters as is the case for the Kerr -NUT solution. (g) The Kerr solution with parameters M, a is dual, in the sense defined above, to the solution with parameters a, N. There exists no such relation between the Kerr and the NUT solutions. (h) We have also computed the Kretschmann scalar for our solution and for the Kerr -NUT solution and have found that the two could never agree in general. For comparison, the Kerr -NUT solution has been chosen because it is the only other asymptotically non-flat generalization of the Kerr solution. It is however interesting to note that this scalar, which is the square of the Riemann curvature, is always free of the parameter k but the curvature components do depend upon it.
This shows that the solution obtained is new and not a transform of any other solution.
Like the Kerr solution, it would admit the horizons which would be given by U 2 = 0;i.e. r ± = M± √ M 2 − ka 2 . The static limit is given by U 2 −a 2 V 2 = 0 which means r s = M + √ M 2 − a 2 kcos 2 θ + a 2 N 2 sin 2 θ. The horizon is thus affected only by k while the static limit has the contribution from both k and N. The two would, as for the Kerr solution, coincide at θ = 0. The ergosphere, r s − r + , would expand due to presence of the new parameters. The black hole angular velocity remains uniform over the horizon and is given by ω H = a/(r 2 + + a 2 ), which is the same expression for the Kerr black hole. But the horizon is now changed, and has the contribution from the parameter k. The surface gravity would be given by κ = √ M 2 − ka 2 /(r 2 + + a 2 ). The parameter N makes no contribution to any of the black hole parameters except to the area which is given by A = 4π
. Further note that the extremality of the hole would be now defined by M 2 = ka 2 . That is, it could have M 2 = a 2 without being extremal. The presence of the parameter k would therefore favor higher value for the rotation parameter. Observationally, this would be the clear signature of its presence. On the other hand, if we set k = 1, all the black hole parameters except the area would coincide with that of the Kerr black hole.
Asymptotically, the metric (1) takes the form,
where S = N + √ k + N 2 cosθ. Note that there is the constant term in g tϕ which is the cause of asymptotic non-flatness. It is also indicative of the spinning string. This shows that the frame dragging angular velocity ω = −g tϕ /g ϕϕ falls off as r −2 instead of r −3 fall off for the Kerr case. It is because of this, the spacetime is not asymptotically flat.
If we set N = 0 in the above metric, it takes the form for r → ∞ which represents the spacetime exterior to a spinning string [10] . The string metric is however cylindrically symmetric but it could be transformed to the axially symmetric form, and we have verified that the two agree. The asymptotic limit of the solution for N = 0 is thus the spinning cosmic string spacetime. The general solution would thus describe the spacetime exterior to a rotating black hole with spinning cosmic string.
The most interesting limit of the new solution is k + N 2 = 0. Then the spacetime collapses to 2-dimensions because S = N = const. and the azimuthal angle coordinate could be removed by redefining the time coordinate (t − a(1 − N 2 )ϕ → t). The resulting 2-D metric is the 2-D projection (θ = π/2, ϕ = const.) of the NUT solution. It would read as
where we have written aN = l, which could be identified with the NUT parameter. This is the closest our solution comes to the NUT solution.
It is remarkable that a particular choice of the dimensionless parameters reduces the dimensions of the space from 4 to 2. Note that for consideration of the phenomenon of the Hawking radiation, we essentially deal with 2(t, r)-spacetime. It would therefore share this phenomenon with the NUT solution, which is supposed to describe the field of a source having the gravoelectric charge m and the gravomagnetic charge l [5] . The Ricci components for the above metric read as follows:
The horizon is given by r + = m(1+ √ 1 + α 2 ), α = m/l, and the surface gravity by κ = [2m(1 + √ 1 + α 2 )] −1 , which it all shares with the NUT solution. The electric charge could be easily included by replacing 2Mr in the general solution (3) by 2Mr − Q 2 , where Q is the electric charge on the black hole. We have then verified that the scalar curvature R vanishes and the stresses could be generated from the electromagnetic field of a rotating electric charge. When a = 0, it would reduce to the Reissner -Nordström solution with the angle deficit. We have thus a five parameter family of electrovac black hole spacetime which is the cosmic string generalization of the Kerr -Newman black hole. This is the most general electrovac solution for the metric (1) which represents a charged rotating black hole with a cosmic string.
A black hole could only acquire cosmic string (topological defects) during the process of its formation when global symmetries are spontaneously broken in phase transitions in the Early Universe [8] . That means microscopic primordial black holes would be the right candidates for them. Our general solution would thus perhaps be more relevant for primordial black holes than the astrophysical black holes. It may be noted that the topological defects represented by the dimensionless parameters k, N can only be string-like and not global monopole. Because in the latter case, space is never empty [6, 8] while we have an exact vacuum solution. Secondly, global monopole would in contrast produce spacetime curvature all by itself. If objects with very high rotation parameter (a equal or slightly greater than M) are observed, that would be a clear signal of the presence of the parameter k and consequently of spinning string.
Another distinguishing property is the conical singularity which a black hole with a string would imbibe. This would cause focusing of geodesic congruence because of the deficit in angle. The astrophysical applications of cosmic string in the gravitational lensing phenomena are being currently pursued quite actively and intensely (see for instance [11] ). Here we have a rotating black hole with a spinning cosmic string as an exact solution of the Einstein vacuum equation. That means, all this could occur quite naturally. The new parameters would however make no contribution to the ADM mass of the hole [12, 13] and would only contribute to the focusing effect on geodesics through the conical guiding surfaces. Like the black holes, rotating black hole with spinning cosmic string is a new prediction of Einstein's theory of gravitation. This may have important and significant applications in astrophysics and cosmology.
The overall effect of the spinning string to the electric part of the field is to change the rotation parameter of the hole from a 2 to ka 2 as is evidenced in the expressions for horizon and surface gravity. On the other hand both the parameters k, N contribute to angle deficit and clubbed with a to the magnetic part of the field. In the absence M and k = 1, the field is purely magnetic in character. The picture that emerges is as follows: the general solution which we have obtained describes a rotating black hole with a spinning cosmic string. Because of string's interaction with the rotation of the hole, it has to contribute to both electric and magnetic parts of the field and that is why it requires two parameters to negotiate this interaction. The similar phenomenon occurs for magnetic field around a rotating black hole. A dipole magnetic field in the Kerr spacetime because of rotation of field lines produces an effective quadrapole electric field [14] . The two parameters so required will have to be dimensionless because their interaction would always manifest through the rotation parameter a. That is why a string on a rotating black hole will contribute two new dimensionless hairs to the hole.
It may be recalled that we had without any reference to cosmic string sought the most general vacuum solution for the axially symmetric stationary spacetime metric in which the basic physics equations are separable. It is remarkable that the solution represents quite naturally a cosmic string on a spinning black hole. Finally, we would like to say that this is the new and novel prediction of general relativity which is on the same footing as the prediction of a rotating black hole. The details will be given elsewhere [15] .
